Many kinds of convolution identities have been considered about several numbers, including Bernoulli, Euler, Genocchi, Cauchy, Stirling, and Fibonacci numbers. The well-known basic result about Bernoulli numbers is due to Euler. The convolution identities have been studied.
Introduction
Convolution identities for various types of numbers (or polynomials) have been studied, with or without binomial (or multinomial) coefficients, including Bernoulli, Euler, Genocchi, Cauchy, Stirling, and Fibonacci numbers ( [1, 2, 3, 6, 7, 9, 12] ). One typical formula is due to Euler, given by n k=0 n k B k B n−k = −nB n−1 − (n − 1)B n (n ≥ 0) , where B n are Bernoulli numbers, defined by
B n x n n! (|x| < 2π) .
In [10] , Panda et al. several kinds of the sums of product of two balancing numbers are given. As an application, the sums of the products of two Fibonacci (and Lucas) numbers are given, where k and r are fixed integers with k > r ≥ 0. The case without binomial (multinomial) coefficients about Fibonacci numbers is discussed in [9] . In [11] , the convolution identities for more general Fibonacci-type numbers u n , satisfying the recurrence relations u n = au n−1 + bu n−2 , have been studied. By considering the roots of the quadratic equation x 2 − ax − b = 0, k 1 +···+kr =n k 1 ,...,kr ≥0 n k 1 , . . . , k r u k 1 · · · u kr can be expressed in the linear combination of u 1 , . . . , u n , where n k 1 , . . . , k r = n! k 1 ! · · · k r ! denotes the multinomial coefficient.
However, the situation becomes more difficult for the numbers related to the higher-order equation. Nevertheless, as the cubic equation can be solvable, the numbers satisfying the four-term recurrence relation have the possibility to have the convolution identities.
Tribonacci numbers T n are defined by the recurrence relation T n = T n−1 + T n−2 + T n−3 (n ≥ 3) with T 0 = 0, T 1 = T 2 = 1 (1) and their sequence is given by
{T n } n≥0 = 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, . . .
(. Cf. [14, A000073] ). The generating function without factorials is given by
because of the recurrence relation (1) .
On the other hand, the generating function with binomial coefficients is given by t(x) := c 1 e αx + c 2 e βx + c 3 e γx = ∞ n=0
T n x n n! ,
where α, β and γ are the roots of 
(see e.g., [5] ) Notice that
because T n has a Binet-type formula (see e.g., [4] ):
In this paper, by using symmetric formulas, we give convolution identities, in particular, with binomial coefficients of higher-order. 
Convolution identities without binomial coefficients
In [8] , convolution identites without binomial coefficients are studied, and the following results are obtained.
Convolution identities with binomial coefficients
For convenience, we shall introduce modified Tribonacci numbers T (s 0 ,s 1 ,s 2 ) n , satisfying the recurrence relation 
By using Lemma 1 and Lemma 2 together with the fact
we can show the convolution identity of two Tribonacci numbers ([8, Theorem 1]).
Symmetric formulae
Before giving more convolution identities, we shall give some basic algebraic identities in symmetric forms. It is not so difficult to determine the relations among coefficients. So, we list three results without proof.
Lemma 3. The following equality holds:
where A = D − 2, B = −3D + 6 and C = −D + 3.
Lemma 4. The following equality holds:
where A = −D+E+G+H −3, C = −E−2G−H +4, F = −2D−2G−2H +6 and I = 4D − E + 2G − H.
Lemma 5.
The following equality holds:
where
Now, we shall consider the sum of the products of three Tribonacci numbers. We need two more supplementary results. 
Proof. In the proof of Lemma 1, we put s 0 = 3, s 1 = 3 and s 2 = 5, instead.
Thus, we obtain that
Similarly, we obtain that d 2 = 44c 
Convolution identities for three, four and five Tribonacci numbers
By using Lemmata 1, 2, 3, 6 and 7, we get the following result. Notice that T 0 = 0, so that k 1 , k 2 , k 3 do not have to include 0. 
On the other hand,
Comparing the coefficients on both sides, we get the desired result.
Next, we shall consider the sum of the products of four Tribonacci numbers. We need the following supplementary result. The proof is similar to that of Lemma 7 and omitted. 
Remark. If E = F = G = H = 0, then by A = −6, C = 4, D = 3 and I = 12, we have for n ≥ 0, 
Next, we shall consider the sum of the products of five Tribonacci numbers. We need the following supplementary result. The proof is similar to that of Lemma 7 and omitted.
Similarly, by Lemmata 1, 2, 5, 6, 7, 8 and 9, we have the following result about the sum of the products of five Tribonacci numbers. 
More general results
We shall consider the general case of Lemmata 1, 7 and 8. Similarly to the proof of Lemma 1, for Tribonacci-type numbers s 
Theorem 5. For n ≥ 1, we have
where s
1,2 and A (n) 1 satisfy the following relations:
(3s
b 1 , b 2 , B and C are determined in the proof.
Proof. By
we can obtain
After a few calculations, we get the relations (6), where
B = 2s
(n−1) 1,2
+ 5s
)(5s , and
We choose the symbol of s
By Theorem 5, it is possible to obtain even higher-order convolution identities, but the forms seem to become more complicated. For example, we can Next, we shall consider a more general case of Lemma 2. Consider the Tribonacci-type numbers s (n) 2,k , satisfying the recurrence relation s 3 are determined by solving the system of the equations r
satisfy the following relations: we can obtain the relations (7), where
− 10s
− 2s
, B = −6s
+ 6s
− 12s
+ 8s
+ 14s
+ 10s
, F = 18s
As applications, we compute some values of s
for some n.
For n = 2, we have
2,0 = 1, s
2,1 = 9, s
2,2 = 4, A
Thus, 
Thus, Conjecture. By observing the following facts
2 , A
2 ,
we conjecture that for n ≥ 1, A
We can obtain more convolution identities for any fixed n, but we only give some of the results. Similarly to Proposition 3, Theorems 2, 3 and 4, we can give more general forms including symmetric formulae. But for simplicity, we show some simple forms as seen in Remarks above. Their proofs are also similar and omitted.
Theorem 7. For m ≥ 0 and n ≥ 1, we have
1,1 ,s
Theorem 9. For m ≥ 0 and n ≥ 1, we have
Theorem 10. For m ≥ 0 and n ≥ 1, we have
Some more interesting general expressions
We shall give some more identities that the higher power can be expressed explicitly. 3 + c 3 c 1 + c 1 c 2 ) n (e αx + e βx + e γx ) = −1 22
If n = 1, we have the following.
Corollary 1. We have
Proof of Theorem 11. Similarly to the proof of Theorem 6, we consider the form
we can obtain that
Thus,
Similarly, we get the following. Finally, we can get the following. .
We choose the symbol of s for some n.
For n = 2,
5,0 = 6, s
5,1 = −6, s
5,2 = 19, A 
5,0 = −61, s
5,1 = −75, s
5,2 = 163, A 
5,0 = −140, s
5,1 = −425, s 
5,0 = −1189, s
5,1 = −2567, s
5,2 = 6318, A 
5,0 = −13019, s
5,1 = −30411, s
5,2 = 75841, A 
Open problems
It has not been certain if there exists any simpler form or any explicit form about the higher-order of tribonacci convolution identities. It would be interesting to study similar convolution identities for numbers, satisfying more general recurrence relations. For example, convolution identites of Tetranacci numbers t n , satisfying the five term recurrence relation t n = t n−1 + t n−2 + t n−3 + t n−4 , have been studied by Rusen Li ([13] ).
